Abstract. Geometric interpretations of some virtual knot invariants are given in terms of invariants of links in S 3 . Alexander polynomials of almost classical knots are shown to be specializations of the multi-variable Alexander polynomial of certain two-component boundary links of the form J ⊔ K with J a fibered knot. The index of a crossing, a common ingredient in the construction of virtual knot invariants, is related to the Milnor triple linking number of certain three-component links J ⊔ K 1 ⊔ K 2 with J a connected sum of trefoils or figure-eights. Our main technical tool is virtual covers. This technique, due to Manturov and the first author, associates a virtual knot υ to a link J ⊔ K, where J is fibered and lk(J, K) = 0. Here we extend virtual covers to all multicomponent links L = J ⊔ K, with K a knot. It is shown that an unknotted component J 0 can be added to L so that J 0 ⊔ J is fibered and K has algebraic intersection number zero with a fiber of J 0 ⊔ J. This is called fiber stabilization. It provides an avenue for studying all links with virtual knots.
Introduction
As L. Kauffman notes in the preface to "Virtual Knots: The State of the Art" by Manturov and Ilyutko, virtual knots were developed to "simultaneously have a diagrammatic theory that could handle knots in thickened surfaces and would generalize knot theory to arbitrary oriented, not necessarily planar, Gauss diagrams." Since then the theory has grown to include many generalizations of classical knot invariants as well as to provide another context to study Vassilliev invariants. However, understanding the relationship between virtual knots and the standard geometrical constructs associated to knots in S 3 is much harder. To this end, the first author, along with Manturov, initiated the study of virtual covers of links [10] . This theory views a virtual knot as a model of a knot in the complement of a fibered link in S 3 . Here we obtain explicit relations between virtual knot invariants and classical link invariants via virtual covers. This both provides a geometric interpretation of virtual knot invariants and allows us to exploit the tools of virtual knot theory in the study classical links.
Recall that the standard geometric interpretation of the Alexander polynomial ∆ K (t) of a knot K in S 3 is given in terms of a Seifert surface F K of K. A Seifert matrix V is formed from the pairwise linking numbers of push-offs of a basis of H 1 (F K ; Z). Then ∆ K (t) . = det(tV − V t ). An analogous formula for the multi-variable Alexander polynomial ∆ L (x, y) of a two-component link L = J ⊔ K was discovered by D. Cooper [15] . In this case, the single Seifert surface is replaced with a 2-complex of Seifert surfaces, S = F J ∪ F K . The Milnorμ-invariants may also be interpreted geometrically using Seifert surfaces. For
The second realization result considers the index of a crossing in a virtual knot diagram. The index features prominently in the computation of many virtual knot invariants, such as the Henrich-Turaev polynomial [21] and the Cheng polynomial [6] . We prove that υ can be modeled by a link L = J ⊔ K, where J is a connect sum of trefoils or figure-eight knots, and that the index of a classical crossing x of υ isμ 123 (J ⊔ K 1 ⊔ K 2 ). Here K 1 ⊔ K 2 is the two-component link obtained by performing the oriented smoothing at x. Thus any invariant defined via the index can be geometrically interpreted in termsμ 123 .
Virtual knot polynomials are often better at detecting geometric properties than their classical counterparts. The Sawollek polynomial [30] , for example, detects non-invertibility. Relating virtual knot invariants to links in S 3 thus allows us to extract more geometric content from polynomial link invariants. Extending virtual covers to as large a class of links as possible could have useful geometric consequences. Here we introduce fiber stabilization of links. We prove that after a fiber stabilization, every multi-component link L = J ⊔ K has a virtual cover. The idea is to add an unknotted component J 0 to L so that J ⊔ J 0 is fibered and K has algebraic intersection number 0 with a fiber of J ⊔ J 0 .
The organization of this paper is as follows. In Section 1.1, we review virtual knots, almost classical knots, and virtual covers. Section 2 establishes the relationship between the Alexander polynomial of an almost classical knot and the multi-variable Alexander polynomial of a boundary link. Section 3 provides the interpretation of the index in terms of Milnor's triple linking number. Section 4 shows that every multicomponent link has a fibered stabilization that in turn has a virtual cover. Directions for future research are considered in Section 5.
Models of Virtual Knots.
A virtual knot or link may be described via several different models. They are: virtual link diagrams, Gauss diagrams, abstract link diagrams on surfaces, and links in thickened surfaces. Each model has equivalence relation under which they all coincide as virtual knots.
Consider first virtual knot diagrams as defined in [22, 23] . A virtual knot diagram is a generic immersion υ : S 1 → R 2 such that each double point is marked as either a classical crossing or a virtual crossing. Virtual crossings are denoted as circled double points while classical crossing are denoted as usual. Virtual knot diagrams are considered equivalent, denoted by ⇌, if they are related by a sequence of extended Reidemeister moves (see Figure 1) . Each of the moves vΩ1 − vΩ4 may be replaced by the detour move, which allows for the erasing of any arc between classical crossings and reconnecting the ends, so long as all new double points are marked as virtual crossings. This is depicted schematically in Figure 1 , bottom left.
The Detour Move vΩ4 Figure 1 . The extended Reidemeister moves and the detour move.
A Gauss diagram of a virtual knot given by such an immersion υ : S 1 → R 2 is a decoration of the domain S 1 of υ such that the pre-images of the classical double points are connected by signed arrows that point from the over crossing arc to the under crossing arc. The sign of the arrow corresponds to the sign of a crossing via the standard right hand rule. The equivalence classes of virtual knots correspond to Gauss diagrams modulo orientation preserving diffeomorphisms of S 1 and diagrammatic versions of the classical moves Ω1, Ω2, Ω3.
Given a virtual knot diagram υ, one may construct a knot diagram on a surface as follows. A disc is placed around each classical crossing. The discs are glued together using untwisted bands that follow the arcs of the diagram. At a virtual crossing, the bands pass over one another. See Figure 2 (3). The result is called an abstract knot diagram. If discs are attached to the boundary components of this surface, we obtain the Carter surface of υ [5] .
Conversely, let Σ be a compact connected oriented (cco) smooth surface and k a knot in Σ × [0, 1]. Such knots will be considered equivalent up to ambient isotopy, orientation preserving diffeomorphisms of Σ, and stablization/destabilzation. Stabilization/destabilization is the relation defined by removing/adding 1-handles from Σ that do not intersect a knot diagram of k projected to Σ. Equivalence classes of knots in thickened surfaces are then in one-to-one correspondence with virtual knots. Kuperberg [25] furthermore showed that there is a knot in a thickened surface of least genus corresponding to each virtual knot.
(1) (2) (3) (4) Figure 2 . The four equivalent models: (1) virtual knot diagrams, (2) Gauss diagrams, (3) abstract knots, and (4) knots in thickened surfaces.
Virtual Covers of Links.
Throughout the text, we will denote by X Y the closure of the space obtained by deleting a tubular neighborhood of Y from X. For a knot J, let
J denote the knot exterior. Recall that a knot J is fibered if it has a Seifert surface Σ J such that the pairs (S
In other words, cutting out Σ J produces a thickened surface. The surface Σ J is called a fiber. It is a minimal genus Seifert surface for J. By Stallings theorem [32] , a knot is fibered if and only if the commutator subgroup of the knot group π 1 (N J , z 0 ) is finitely generated and free. Thus N J admits a covering space
For a knot K in a manifold N we write K N . Let Σ be a cco smooth surface. Suppose that N is any cco 3-manifold admitting a regular orientation preserving covering space Π : Σ × R → N. Suppose that K N is a knot in N and that there is a knot k Σ×R such that Π(k) = K. The knot k stabilizes to a virtual knot υ. The triple (k Σ×R , Π, K N ) is called a virtual cover of K and υ is called the associated virtual knot. If all lifts by Π of K project to the same virtual knot υ, then υ is said to be invariant.
Virtual covers for links in S
3 arise from the following construction. Let L = J ⊔ K be a two component link with J fibered and lk(J, K) = 0. Then there is a fiber Σ J of J, a covering space Π : Σ J × R → N J , and a knot k Σ J ×R such that Π(k) = K. The knot k projects to a virtual knot υ. If K is "close to" Σ J , then the associated virtual knot is easily determined. The phrase "close to Σ J " roughly means that K can be projected to a knot diagram on Σ J . An equivalent condition is that K is disjoint from a fiber of J.
More formally, we say that K is in special Seifert form (SSF) if by attaching some spheres along their equators to the interior of Σ J we can realize K as a collection of disjoint arcs Σ J K Figure 3 . A crossing in a ball.
on Σ J where all strands of over crossings run over hemispheres on one side of Σ J while all strands of under crossings run over hemispheres on the other side of Σ J . See Figure 3 . The associated virtual knot, then, is just the virtual knot corresponding to the diagram on Σ J . See Figure 4 for an example. The theory above extends naturally to n + 1 component links L = J ⊔ K with J a fibered n component link and K a knot. The following theorem, proved in [8] , shows that the associated virtual knot functions as a invariant of SSF links.
The associated virtual knot. For geometric applications of virtual covers to links, knots in 3-manifolds, and link concordance, the reader should consult [7, 8, 10 ].
1.3. Almost Classical Knots. A virtual knot diagram υ is said to be Alexander numerable if the arcs between the classical crossings may be labeled by integers λ 1 , · · · , λ n so that the consistency equations in Figure 5 are satisfied at each classical crossing. A virtual knot that admits an Alexander numerable diagram is said to be an almost classical knot. Every classical knot is almost classical but not every almost classical knot is classical. Almost classical knots were first introduced as an object of independent study by Silver-Williams [31] . An equivalent condition for a virtual knot diagram to be Alexander numerable is that the index every crossing is zero (see below, Section 3.3). The equivalence of the two definitions follows, for example, from the Cairns-Elton criterion [4] . Figure 5 . Alexander numbering of a knot diagram.
Almost classical knots are the virtual knots for which the concept of Seifert surfaces makes sense. Indeed, Silver-Williams observed that certain arguments in classical knot theory that utilize Seifert surfaces can be extended to virtual knots when they have an Alexander numbering. Boden-et al. [1] showed that a knot k in a thickened surface Σ × [0, 1] bounds an oriented compact surface F if and only if it has a diagram on Σ that is Alexander numerable. Such a knot projects to a virtual knot that is almost classical.
Furthermore, Boden-et al. [1] gave an algorithm for constructing a spanning surface F for any homologically trivial knot in a thickened surface Σ × [0, 1]. The algorithm mirrors the Seifert surface algorithm for classical knots. First one performs the oriented smoothing at each crossing of the knot diagram on Σ. The result is a set {γ 1 , . . . , γ n } of simple oriented closed curves on Σ. Since γ 1 ∪ · · · ∪ γ n is homologically trivial, there is a collection of oriented connected subsurfaces S 1 , . . . , S m of Σ such that ∂S j = ∅ for 1 ≤ j ≤ m and
The spanning surface F is obtained from S 1 , . . . , S m by placing overlapping subsurfaces at different heights and gluing in half-twisted bands at the smoothed crossings of k. This last step is the familiar Seifert surface algorithm. It is important to note that in the virtual case the subsurfaces S 1 , . . . , S m may have any genus and any number (≥ 1) of boundary components. The algorithm for classical knots, on the other hand, uses only discs.
Recall that the Alexander polynomial of a classical knot can be computed from a Seifert surface F of genus g. Let α 1 , · · · , α 2g be a collection of canonical curves on F giving a basis for H 1 (F ; Z). Let V = (lk(α − i , α j )) be the 2g × 2g matrix of linking numbers, where α ± denotes the ± push-off of α into S 3 F . Then the Alexander polynomial is given by ∆ K (t) = det(tV − V τ ), which is well defined up to a multiple of powers of t ±1 . For all versions of the Alexander polynomial used in this paper, this indeterminacy is denoted by . =.
Since almost classical knots have a Seifert surface in some thickened surface, it also possible to define an Alexander polynomial for almost classical knots. To do this, it is first necessary to have a definition of the linking number in
is infinite cyclic and generated by a meridian µ of k 1 (cf. [1] ). Then [k 2 ] = a · µ for some a ∈ Z. Define the linking number of k 1 and
It is important to note that the lk Σ is not symmetric.
However, we have the following relation:
where p : Σ × [0, 1] → Σ is projection onto the first factor and · represents the intersection form on Σ. The consequence of this asymmetry is that two Seifert matrices are needed to define the Alexander polynomial of almost classical knots. Let F be a Seifert surface of genus g for k in Σ × [0, 1] and let α 1 , . . . , α 2g be a canonical system of curves on F . Then the ±-Seifert matrices V ± are given by the 2g × 2g matrices V ± = (lk Σ (α ± i , α j )). Definition 1.1 (Alexander polynomial of almost classical knots [2] ). Let υ be an almost classical knot. Let k be a homologically trivial knot in Σ × [0, 1] representing υ. Let F a Seifert surface for k, g the genus of F , and V ± the ±-Seifert matrices relative to some canonical system of curves {α 1 , . . . , α 2g }. Then the Alexander polynomial of υ is defined by:
∆ υ (t) is well defined up to multiplication by powers of t ±1 and is independent of the choice of Σ, k, and F .
Defining the MVAP. The multi-variable Alexander polynomial (MVAP) of a two component link in S
3 is the natural extension of the Alexander polynomial of a knot. That is, the multi-variable Alexander polynomial derives from a pair of linking forms on the universal abelian cover of of the link complement [14] . For an arbitrary link, this can be computed from a 2-complex made from a union of Seifert surfaces of the components.
In the case of a boundary link the computation is particularly simple. Recall that a link J ⊔ K is a boundary link if there are Seifert surfaces Σ J of J and Σ K of K such that Σ J ∩ Σ K = ∅. The linking forms can then be computed using linking numbers of canonical systems of curves on the disjoint Seifert surfaces. At the level of the first elementary ideal of the Alexander module, the MVAP of a boundary link vanishes. However, Gutierrez [19] showed that the Alexander polynomial associated to the boundary linking form is a generator of the second elementary ideal of the Alexander module. These are not always vanishing for boundary links and hence serve as useful invariants. To make this distinction clear, we will henceforth use the notation ∇ J,K , rather than ∆ L , to denote the MVAP corresponding to a generator of the second elementary ideal.
Friedl [17] gave a succinct description of ∇ J,K for boundary links. Consider a boundary link J ⊔ K and suppose we have Seifert surfaces
, then we may form a symplectic basis for H 1 (Σ J ⊔Σ K ; Z) from simple closed curves a 1 , . . . , a 2g 1 on Σ J and a 2g 1 +1 , . . . , a 2(g 1 +g 2 ) on Σ K . Let A be the Seifert matrix of J ⊔ K, so that (i, j)-entry is:
Notice that letting A J and A K be Seifert matrices for each of the link components individually we see that A may be written in block form as:
and is generated by meridians t 1 of J and t 2 of K. Let X denote the universal abelian cover of the link complement. Then
. Now, let T be the matrix whose (i, j)-entry is:
, where m = 2(g 1 + g 2 ). Then det(AT − A τ ) provides the generator ∇ J,K discussed above. We record this in the following definition. Definition 1.2. The multi-variable Alexander polynomial (MVAP) of a two component boundary link J ⊔ K, is defined to be:
The MVAP is an invariant of boundary links up to multiplication by units of Λ 2 .
Relating virtual Alexander polynomials to the MVAP
2.1. The Theorem. Our main goal is to relate invariants of the associated virtual knot of a virtual cover to standard invariants of the link to which it corresponds. To that end we offer the following theorem. 
Remark 2.1. Items (2) and (3) are easy consequences of the definition and are stated in the theorem simply for the purposes of comparison. They are similar in form to the well-known Torres conditions.
The key idea connecting the virtual and multi-variable Alexander polynomials is to relate linking numbers in S 3 to linking numbers in Σ J × I, where Σ J is a fiber of J. This will allow us to compare the respective linking forms. This is accomplished in the following lemma. Recall that since J is fibered,
Removing a tubular neighborhood of Σ J leaves two copies of Σ J , denoted Σ ± J , corresponding to the ± push-offs of Σ J , respectively. We will identify Σ + J with Σ J × {0} and Σ − J with Σ J × {1}. Lemma 3. Let J be a fibered knot and Σ J a fiber for J of genus g. Suppose that y is a knot in S 3 Σ J and that x is a knot in (S 3 Σ J ) y. Let β = {a 1 , . . . , a 2g } be a symplectic basis for the first homology of Σ J . For an arbitrary knot z in
J l x , where A J is the standard Seifert matrix for Σ J with respect to β.
Proof. We may assume without loss of generality that Σ J is in disc-band form. Furthermore, assume that the elements a i of β are represented by simple closed curves on Σ J , also denoted a i . Each a i will be assumed to pass along the core of exactly one band. A basis for H 1 (S 3 Σ J ) is given by β * = {a * 1 , . . . , a * 2g }, where each a * j is an unknot encircling the band of a j and oriented so that lk(a j , a * j ) = 1. Thus, given any [z] ∈ H 1 (S 3 − Σ), we may write:
By a Meyer-Vietoris argument (Z coefficients everywhere), we have the following decomposition:
. As previously discussed in Section 1.3, the second factor is freely generated by a meridian µ of y. Hence, H 1 (S 3 (Σ J ⊔ y)) is freely generated by {µ, a 1 , . . . , a 2g }. Now writing [x] in this basis, we have:
corresponding to the negative push-off z − of z in the basis β * (see [3] , Lemma 8.6). Since J is fibered, A J is invertible over Z (see [3] , Proposition 8.6). It follows that A 
Furthermore, our prior observations imply that:   r 1 . . .
Lastly, note that by definition of lk Σ J , r 0 = lk Σ J (y, x).
We return now to the proof of Theorem 2. Let J, K be as in the statement of Theorem 2. Suppose that Σ J is a fiber of J and that Σ K is a Seifert surface of
Thus the link L = J ⊔ K has a virtual cover such that the invariant associated virtual knot υ is almost classical. Lemma 3 now allows for the computation of the Seifert matrices V ± for υ in terms of the block decomposition of the Seifert matrix A of L from Equation 1.
Corollary 4. For a symplectic basis of simple closed curves
a 2g 1 +1 , . . . , a 2(g 1 +g 2 ) of Σ K , let V ± = (lk Σ J (a ± i , a j )) be
the Seifert matrices of υ. Then in the notation of Equation 1, we have that:
Proof. This follows from Lemma 3 and some elementary matrix algebra.
Proof of Theorem 2. We compute det(AT − A τ ) as follows:
Setting t 2 = 1 immediately gives the second claim and setting t 1 = 1 gives the third claim. Now, from the proceeding lemmas we have that:
To get a more recognizable form, multiply on the left by a matrix of determinant 1.
Here I denotes an identity matrix and O denotes a matrix of all zeros. Since J is fibered, det(A τ J ) = ±1. Thus the only thing that matters is the (2, 2) entry on the right above. Taking the transpose and noting that (A
J B. Now perform the substitution t 2 = s −1 to obtain:
This completes the proof of Theorem 2.
Example: Let L = J ⊔ K be the two component link on the left in Figure 6 . Here, J is the fibered knot 8 21 . A minimal genus Seifert surface Σ J of J (i.e. a fiber) is depicted in disc-band form. On the right in Figure 6 , we have Σ J ⊔ F , where F is a Seifert surface for K. Curves representing symplectic bases for H 1 (F ; Z) and H 1 (Σ J ; Z) are given. From this, one can compute the MVAP as previously defined. The associated virtual knot υ ⇌ 4.105 [18] of L can be seen in Figure 7 . This agrees with the computation of ∆ υ (t) in [1] , Table 2 . It is the satellite construction whose companion is J and whose pattern P can be either of the two knots in the standardly embedded solid torus D 2 × S 1 in S 3 as depicted in Figure 8 . The homeomorphism φ :
is required to map the meridian-longitude pair (∂D 2 × {1}, {1} × S 1 ) to a meridian-longitude pair (m, l) of a tubular neighborhood of J. This has the effect of adding an integer number of full twists to the pattern. By a double Whitehead double of K we will mean W (W (K)). Here we allow any double of K and any double of W (K).
A double double is a convenient way to produce boundary links. Let J be any knot, Σ a Seifert surface of J, and µ a meridian of a tubular neighborhood of J chosen so that lk(J, µ) = 1. The meridian pierces Σ exactly once. On the other hand, W (µ) intersects Σ twice with algebraic intersection number 0. Hence, lk(J, W (µ)) = 0 for any Whitehead double W (µ). Then W (W (µ)) also has zero linking number with J: it intersects Σ four times with algebraic intersection number 0. It can be depicted schematically as in Figure  9 , where one of four possibilities for the two clasps is given. The twists in the horizontal box may arise from the first double. The twists in the vertical box arise from the doubling of the double. Now, the link J ⊔ W (W (µ)) is a boundary link. Indeed, Σ divides W (K) into two arcs whose set of endpoints is Σ ∩ W (K). Let γ be one of these two arcs and let
, where V (γ) denotes a tubular neighborhood of γ. Then W (W (µ)) bounds a genus one Seifert surface F that is disjoint from Σ ′ , assuming that the tubular neighborhood used to define W (W (µ)) is chosen sufficiently small (see Figure 9 ). Figure 9 . A double whitehead double of a meridian of a fibered knot J.
A natural question to ask is whether J ⊔ W (W (µ)) remains a boundary link if we impose the condition that a Seifert surface of minimal genus is required for J. An application of Theorem 2 is that this is impossible in the case that J is a fibered knot. Proof. Suppose W (W (µ)) bounds a Seifert surface F 0 disjoint from a fiber Σ J of J. Then W (W (µ)) has a virtual cover with associated virtual knot υ and ∇ J,W (W (µ)) (0, t −1 ) . = ∆ υ (t). The MVAP of L may be computed from any pair of disjoint Seifert surfaces of its components. Let F and Σ ′ be Seifert surfaces as described in the preceding paragraph. We may assume without loss of generality that F and Σ ′ are as in Figure 9 with the possible exception of changing the sign of the patterns defining W (µ),W (W (µ)) or the orientation of W (W (µ) ). Changing the orientation of W (W (µ)) does not alter the outcome.
Let {a 1 , b 1 } be a canonical basis for F . Given any canonical basis β for Σ J , we may extend it to a canonical basis of Σ ′ by adding a pair of closed curves a 0 , b 0 as in Figure 9 . Let A J be a Seifert matrix for Σ J relative to β. Then a Seifert matrix for L relative to the ordered basis β ∪ {a 0 , b 0 , a 1 , b 1 } is given by the following matrix (or its transpose) in block form:
Here 0 is a row or column of zeros having the appropriate dimension, δ 1 = ±1 depending on the sign of the pattern for W (µ), δ 2 = ±1 depending on the sign of the pattern for W (W (µ)), and z ∈ Z depends on both δ 1 and the twists of W (µ) and W (W (µ)). Then AT − A τ is given by:
Now plugging in t 1 = 0 and t 2 = 1, we see that the next to last column and the third-to-last column are parallel vectors. Thus, 0 = ∇ J,W (W (µ)) (0, 1) = ±∆ υ (1). However, by [1] , Lemma 7.5, we have that ∆ υ (1) must be ±1 (just as in the classical case). This is a contradiction, so it follows that no Seifert surface of W (W (µ)) is disjoint from any fiber of J.
Relating the index and the triple linking number
As mentioned in Section 1.3, almost classical knots are those for which one can find a consistent concept for a Seifert surface. In particular, AC knots are homologically trivial in some thickened surface. The two equivalent combinatorial definitions of AC are: (1) it has a diagram which is Alexander numerable, or (2) it has a diagram in which every classical crossing has index zero. The index zero definition of AC stands out as it is a collection of local conditions as opposed to a single global one. Here we give an interpretation of the index of a crossing in terms of the Milnor triple linking number. Hence we obtain relations with classical link invariants in the case that the associated virtual knot is not AC. In this section, we will prove the following theorem. 
We will break the proof down into several parts. First we will show that any virtual knot diagram can be represented on a surface that is connected sum of trefoil fibers. Next we will review the index of a crossing (see Section 3.2) and two methods for computingμ 123 : Cochran's derivative of links (see Section 3.4) and the method of Mellor-Melvin (see Section 3.5). The proof of Theorem 6 is in Section 3.6, along with an example.
3.1.
Virtual knots on sums of trefoils. Every virtual knot diagram can be represented on a connected sum of trefoil or figure-eight fibers. Here we prove this fact and discuss how it is related to the proof of Theorem 6.
Lemma 7. Every virtual knot diagram υ can be associated to a two component SSF link L = J ⊔ K, where J is a connected sum of trefoils or a connected sum of figure-eights, and Σ J is a boundary connect sum of fibers of such knots.
Proof. Every virtual knot diagram can be represented as a diagram D on its Carter surface Σ. Let Σ ′ = Σ {z 0 } where z 0 ∈ Σ is disjoint from D. Let T be a fiber of a trefoil or figure-eight knot. Then T has genus 1. If the genus g of Σ is 0, then we may embed D as a small disc on T . If g ≥ 1, then Σ ′ is diffeomorphic to a boundary connected sum of copies of T (see Figure 10 ). Taking the image of D under this diffeomorphism implies the result. Figure 10 . A boundary connected sum of right handed trefoil fibers. Figure 11 . A left hand rule for computing the sign of flattened crossing.
The reason to represent a virtual knot υ as in Lemma 7 is that we may choose the Seifert matrix of J so that it behaves nicely with respect to the matrix of the intersection form of Σ J . Indeed, suppose that Σ J is a boundary connect sum of trefoil fibers as in Figure 10 . Then with respect to this basis, a Seifert matrix A J for Σ J is given by:
, where F is a matrix for the intersection form on Σ J . Then F is also a block diagonal matrix such that all blocks are given by 0 1 −1 0 . On the other hand, we may consider F as a linear transformation F :
Since J is fibered (and thus it's Alexander polynomial evaluated at 1 gives ±1), F is an invertible map and thus an isomorphism. Furthermore, it is straightforward to verify a special relationship between the Seifert matrix and intersection forms for the connected sum of trefoils:
A similar relation holds for a connected sum of figure-eight knots. Henceforth, we will only consider the case of connected sums of trefoil fibers in order to avoid needless notations and special case arguments.
3.2.
The Index of a crossing. The index has been used by many authors as an ingredient in virtual knot invariants (see e.g. [21] ). Let x be a classical crossing of an oriented virtual knot diagram υ. Smooth this crossing in the orientation preserving fashion to yield a two component virtual link. Then flatten all classical crossings to obtain two flat virtual knot diagrams υ 1 and υ 2 . Let υ 1 be the component to the left of the smoothed crossing. Each double point (flattened classical crossing) between the two components can be given a sign ε i , as in Figure 11 . The index of the crossing x is defined to be:
In the context of virtual covers, the index can be computed via the intersection form as follows. Let L = J ⊔ K be an SSF link with associated virtual knot υ. Let x be one of the classical crossings of υ, that is, x is a crossing in a ball (see Figure 3 ) of K in SSF on Σ J . Construct the three component link J ⊔ K 1 ⊔ K 2 by smoothing at x in the orientation preserving fashion and ordering the components so that K 1 is the left half. Notice that each of K 1 and K 2 are in SSF with respect to J. Let k 1 and k 2 be the corresponding diagrams of K 1 and K 2 on Σ J . As noted in [9] , Index(x) can be computed via the intersection form on Σ J as Index( [29] , page 202). Note that changing the order changes the sign of Index(x). Our definition here may differ from other authors by a sign, but this choice makes it consistent with classical knot theory literature. [28] extended the concept of linking numbers to links of more than two components. In general, these higher order linking numbers are defined when all lower order linking numbers are null. For example the triple linking number of the Borromean rings is ±1. In the case that the lower order linking numbers are non-zero then those of higher order are defined up to an indeterminacy.
Milnor's Triple linking numbers. Milnor in
A casual description of Milnor's higher linking numbers (as described in [27] ) goes like this: Let L be an n-component link with components L i , π its fundamental group, and π n the n th term in its lower central series. Let l i and m i be the longitude and meridian respectively of component L i . In this case, l i can be written as a word l Here we will only consider Milnor's triple linking numberμ 123 . Fortunately, there are several results that allow one to compute the triple linking number for a three component link using geometric constructions. In particular, Cochran [12] used his notion of link derivatives to compute Milnor's triple linking number when the pairwise linking numbers are zero. Mellor and Melvin [27] give a geometric method of computingμ 123 that can be used in general. Both methods will be used in the proof of Theorem 6.
3.4. Method 1: Derivatives of Links. Let L = J ⊔ K be any two component link such that lk(J, K) = 0. Suppose that Σ J and Σ K are Seifert surfaces for J, K, respectively. Since lk(J, K) = 0, we may assume that Σ J ∩ K = ∅ and Σ K ∩ J = ∅. If required, this can be done by starting with any pair of Seifert surfaces and "tubing out" intersections of J with Σ K and K with Σ J . This was also described in Section 2.2. A derivative of L is the curve c(J, K) = Σ J ∩ Σ K . This curve may be chosen so that it is a single connected component [12] . It is oriented so that the triple (c(J, K), the positive normal to Σ J , positive normal to Σ K ) agrees with the standard orientation of S 3 . The following theorem, due to Cochran, allows us to computeμ 123 from the linking number of two curves. 
Link derivatives also appear in our homological calculations. Note that we may think of c(J, K) as an element of H 1 (Σ J ; Z). Let A J be a Seifert matrix for Σ J and let B = (
. Recall that A J and A τ J , considered as linear transformations of homology groups, are the negative and positive push-offs of Σ J , respectively. Since we may assume that Σ J and Σ K are in general position, the curve c(J, K) on Σ J can be pushed off so that its positive and negative push-offs lie on Σ K . Now observe that cutting S 3 along Σ J cuts Σ K so that its boundary consists three components: K and the positive and negative push-offs of c(J, K). Then as elements of H 1 (S 3 Σ J ), we have that:
. We record this fact as a lemma for our future reference (see also [12] ).
3.5. Method 2: Counting local intersections. The second method, due to MellorMelvin [27] , involves counting two combinatorial objects: triple points and intersections between a component of the link and the other two Seifert surfaces. Consider the link
with sign so that a triple point is positive if in its neighborhood
Next, we count component-surface intersections. Chose a base point on each component. Then for each K i we build a word w i in the letters {1 ± , 2 ± , 3 ± } as follows: from the base point walk in the direction of the orientation of the component and record with sign the component whose Seifert surface you intersect. Notice that w i will be a word in {1
± , 2 ± , 3 ± } {i ± }. Once we have a particular word w i , its Magnus expansion is found by substituting j
. Let e ijk be the coefficient of the word h i h j in w k , where i, j, k ∈ {1, 2, 3} are distinct. Define m 123 (Σ) = e 123 + e 231 + e 312 .
Theorem 10 ([27]). Consider the link
, where δ is the greatest common divisor of the pairwise linking numbers of K 1 , K 2 , and K 3 .
3.6. Proof of Theorem 6. Now let us return to the setting of virtual covers and the proof of Theorem 6. Let L = J ⊔ K be a link where J is fibered and lk(J, K) = 0. Let A J be a Seifert matrix for a fiber Σ J of J. Furthermore, suppose that L is an SSF link and let υ be the associated virtual knot. Let x be crossing in a ball of K, as in Figure 3 . Let L x = J ⊔ K 2 ⊔ K 3 be the link formed by smoothing K at x in the orientation preserving fashion, again ordering the components so that K 2 is on the left and K 3 is on the right at x. For notational purposes identify J = K 1 . Let k 2 , k 3 be the diagrams of K 2 , K 3 on Σ J , respectively. In terms of homology,
Lemma 11. In the situation described above, m 123 (Σ) = 0.
Proof. Since L is in SSF, it follows that both J ⊔ K 2 and J ⊔ K 3 are in SSF and lk(J, K 2 ) = lk(J, K 3 ) = 0. Thus, we may assume that J does not intersect the Seifert surface for K 2 nor the Seifert surface for K 3 . It follows that w 1 is the empty word and so e 231 = 0. With regards to K 2 and K 3 we must consider two cases: lk(K 2 , K 3 ) = 0 or lk(K 2 , K 3 ) = 0. In the case that lk(K 2 , K 3 ) = 0, we may assume again that the Seifert surface for K 2 does not intersect K 3 and vice versa. Again we see that w 2 and w 3 are the empty words. Thus e 123 = e 312 = 0. In the case that lk(K 2 , K 3 ) = 0, notice that w 2 is a word in only the letters 3 ± and w 3 is a word only in the letters 2 ± . In both of these cases the Magnus expansions of these words contain only powers of a single variable and we may again conclude that e 123 = e 312 = 0. Thus the claim follows.
The previous lemma tells us that the triple linking number can be computed as a signed sum of triple points and in fact thatμ 123 (L x ) = −t 123 (mod δ). Moreover, as lk(J, K 2 ) = lk(J, K 3 ) = 0, it follows that δ = lk(K 2 , K 3 ).
Lemma 12.
For L x = J ⊔ K 2 ⊔ K 3 as above, coming from smoothing at a crossing x,
Proof. Think of the derivatives c(J, K 2 ) and c(J, K 3 ) as curves that lie on the fiber Σ J . Observe that the double points of these two derivatives are the triple points of the intersection of the three Seifert surfaces. Recall that a triple point of the intersection is positive when in its neighborhood (Σ J , Σ K 2 , Σ K 3 ) has the standard right handed orientation. Let n i be the positive normal to Σ K i . Then the derivative c(J, K i ) is oriented so that (c(J, K i ), n 1 , n i ) has the standard right handed orientation [13] . It is not hard to determine that
(according to the standard left hand rule for the intersection form on Σ J ). Using Lemma 9 and the discussion of Section 3.1, we have:
The proof of Theorem 6 now follows by combining Lemmas 10, 11, and 12. We conclude this section with an example computation.
Example: Consider the SSF link L = J ⊔ K on the left in figure 12 . The virtual trefoil is the associated virtual knot of this link (exercise). The crossing labeled x has index 1 as can be computed using the intersection form [k 2 ] · [k 3 ]. Notice also that lk(K 2 , K 3 ) = 0. By Cochran's Theorem 8,μ(L x ) = 1. Figure 13 shows Seifert surfaces for each component of the link, along with a derivative c(J, K 2 ). It can readily be seen that lk(c(J, K 2 ), K 3 ) = −1. Thus applying theorem 6 we can observe that Index(x) =μ 123 (L x ). this section we introduce fiber stabilization of links. This extends virtual covers to all multicomponent links. The extension improves upon [7] , where virtual covers were extended to links J ⊔ K, with K a knot and J a virtually fibered link (in the sense of Thurston).
A fiber stabilization of L is the addition of an unkotted component J 0 to L so that the sublink A simple example of a fiber stabilization is given in Figure 14 . It will be shown that every multi-component link has a fiber stabilization and every fiber stabilized link has a virtual cover. Fiber stabilization thus adds interesting new tools to the study of link invariants. Furthermore, fiber stabilization causes no essential loss of information for our purposes. Indeed, families of link invariants often specialize to invariants of their sublinks. The Torres conditions, for example, relates the MVAP of an arbitrary link to that of its sublinks. As another example, if all the Milnor invariants of a link are known, then so are all the Milnor invariants of its multi-component sublinks. This also holds true in the more general context of the Kontsevich integral. Virtual knot invariants are potentially hiding inside invariants of all classical links. Unmasking them could prove to be fruitful.
Here we will content ourselves with establishing the main theorems about fiber stabilization. Section 4.2 will review some necessary constructions from braid theory. In Section 4.3, we prove that every multi-component link has a fiber stabilization and that every fiber stabilized link has a virtual cover.
4.2. Some braid theory. Two constructions from braid theory are needed to prove that every link has a fiber stabilization: mixed braids and homogeneous braids. Let B be a braid and let B denote the closure of B. Let L be any link in S 3 B. Then B ⊔ L is called a mixed link. Here B is called the fixed part and L is called the moving part. The mixed link may be represented by a mixed braid B ⊔β whose closure B ⊔ β is equivalent to B ⊔L [26] .
A mixed braid on m + n strands is said to be parted if the first m strands are the strands in the fixed part and the last n strands are in the moving part. In [26] (Section 2, Lemma 1) it was shown that every mixed link may be represented by a parted mixed braid. Moreover, every parted mixed braid may be combed so that the fixed part lies below the moving part. This means that the mixed braid may written as β ′ · B ′ , where the first m strands of β ′ are trivial and B ′ is B with the trivial n-strand braid attached on the right (see Figure 15 ).
Homogeneous braids, our second ingredient, are useful for constructing fibered links. Let n be a fixed number of strands and let σ i denote the n-strand braid where the i-th strand over-crosses the (i + 1)-st stand. Suppose furthermore that B is written in the generators σ 1 , . . . , σ n as B = σ
, where ε i j = ±1. If every σ i appears in the word for B and ε i j = ε i k whenever σ i j = σ i k , then B is said to be homogeneous. To see that one B m n Figure 15 . A schematic diagram of a parted combed braid on m + n strands.
may construct a fibered link from a homogeneous braid, proceed as follows (Stallings [33] ). First note that the closure of the trivial n-strand braid can be viewed as a union of parallel squares bounding n discs. Attach half-twisted bands to these discs according to the word B. The resulting surface is a successive Murasugi sum (or generalized plumbing) of fibers of the fibered links σ a 1 1 , . . . , σ a n−1 n−1 , for some non-zero integers a 1 , . . . , a n−1 . As Murasugi sums of fibered links are fibered, B is fibered (see e.g. [24] ). Figure 16 shows the construction for the homogeneous 3-strand braid σ The key to fiber stabilization is that any link J can be made into a fibered link by adding some unknotted component J 0 . This was first observed by Stallings [33] . Let J be any link and let B be an m-strand braid word satisfying B ⇌ J. The exponent of the first occurrence of each σ i in B will be considered as the correct sign of σ i . To correct the incorrect signs and make a fibered link, we will add strands to B so that the homogeneity condition is enforced.
Suppose that there is some first letter α = σ ε i in B with an incorrect sign. Add an (m + 1)-st strand to the braid so that it dips around α to the left and returns to the m + 1 level. This has the effect of pushing α over to the right by one strand. Thus, α now corresponds to the generator σ ε i+1 . See the top picture in Figure 17 . Crossings of the new strand (drawn green) with the old strands are chosen so that they have the correct sign for each σ i . As σ m does not occur in B, we take ε to be the correct sign of σ m . If σ ε i+1 also has the incorrect sign, then we can continue to add parallel strands until the sign is correct or until it becomes σ ε m . As this now has the correct sign and no new incorrect σ i have been added, the total number of incorrect signs in B has decreased by 1.
Continuing inductively, we use the additional strands to remove the remaining incorrect crossings of B. More strands can be added to the right of the braid if necessary. If k strands are added, then it is necessary to choose the correct sign for the generators σ k+1 , . . . , σ m+k−1 . Choose their correct sign to be −ε, where ε is the sign of the first incorrect crossing as above. This choice ensures that it is possible to push any crossing over far enough so that it will eventually have the correct sign. Note that the closure of the k added strands forms a k-component unlink. 
Proofs of Main Theorems.
With these preliminaries in place we are now ready to prove that every multi-component link has a fiber stabilization and that every fiber stabilized link as a virtual cover. Proof. Represent L as the closure of a parted mixed braid B ⊔ β, where the fixed part B satisfies B ⇌ J and the moving part β satisfies β ⇌ K. Suppose that B has m black strands and β has n red strands. By the above remarks, there is an m + k strand braid B ′ such that B ′ is a fibered link J 0 ⊔ J where J 0 is an unknot. Now replace the fixed part of B ⊔ β with B ′ ⊔ β as follows. The k added strands (drawn in green) to B are placed in between the m strands of B and the n strands of β. In the top portion of the parted combed braid, we now have that the first m + k strands are trivial. The crossings of the moving and the fixed part are unchanged. The moving part is chosen to always cross over any of the green strands.
The previous section showed how to construct a fiber Σ 0 for J 0 ⊔ J = B ′ . It consists of discs attached to the closure of the m + k strand trivial braid and half twisted bands at the crossings. Then the algebraic intersection number of Σ 0 and K can be made 0 be adding an appropriate number of (±) full twists between the leftmost red strand and the rightmost green strand. This construction is illustrated in Figure 18 . This completes the proof. 
Future Directions
Above we gave two instances of virtual knot invariants that are realizable by link invariants in S 3 . It is likely this program can be carried out for many other polynomial link invariants. Here we suggest some directions that seem promising for extending this point of view.
(1) Use virtual covers to compute Kauffman bracket skein modules (KBSM) for fibered knot complements. A particularly interesting focus would be hyperbolic fibered knot complements, such as the figure eight knot complement. (2) Section 2 gave a formula relating MVAP of boundary links, which comes from the second elementary ideal, to the Alexander polynomial of AC knots, which comes from the first elementary ideal. For general SSF links, i.e. those that are not necessarily boundary links, is there a similar formula relating the MVAP of the first elementary ideal to the Alexander polynomial of the zeroth elementary ideal for virtual knots? (3) The finite-type concordance invariants of string links can be identified with the Milnor invariants [20] .The Henrich-Turaev polynomial [21] is a degree one finite-type concordance invariant of long virtual knots that is defined via the index, which is in turn given by the triple linking number. Can all finite-type concordance invariants of long virtual knots be represented as Milnor invariants of string links? (4) Can signatures for virtual knots be obtained by specialization of multi-variable signatures function of a multi-component link [11, 14, 16 We hope these questions will be considered in future papers and invite the community to participate in their development.
